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1 Introduction

A generalization of the well known Abelian [1] and non-Abelian [2] T-dualities is the so-
called Poisson-Lie T-duality [3]. Its most notable feature is that it does not rely on the
existence of isometries but rather on a rigid group-theoretical structure [3]. Nevertheless, it
shares some common features with ordinary T-duality. For instance, it can be explicitly for-
mulated as a canonical transformation between phase-space variables [4, 5], similarly to or-
dinary T-duality [6, 7], a property that seems to be very important for our considerations.!

An important question that was addressed successfully in a particular example in [10]
is whether classically equivalent, via canonical transformations, models retain their equiv-
alence beyond the classical level in the following sense. As two-dimensional field theories,
these o-models are renormalizable if the corresponding counter-terms, at a given order in
a loop expansion, can be absorbed into a renormalization of the various coupling constants
appearing in the model up to field redefinitions or, equivalently, diffeomorphisms in the
target space. These give rise to beta-function renormalization group equations which gen-
erally form a non-linear coupled system of first order differential equations. The classical
equivalence of the two models can be promoted order by order in perturbation theory into

!Related developments include works on open string boundary conditions (see, for instance, [8, 9]).



the quantum level if the two different renormalization group flow systems of equations
are in fact equivalent. In turn, this strongly hints towards their equivalence beyond the
classical level. The existence of a canonical transformation relating two different o-models
seems to be necessary for their equivalence at the quantum level.? A general proof for
all Poisson-Lie T-duality related models requires the generalized Ricci tensor. The latter
was computed in [13] where it was shown that Poisson-Lie T-duality related models are
renormalizable in the above described sense.

The main objective of the present work is to show the equivalence of the renormaliza-
tion group flow for general o-models related by Poisson-Lie T-duality. We study properties
of the flows and prove several general statements regarding mainly the possible truncations
of the parameter space in a way consistent with the renormalization group equations. We
also investigate the generalized coset models introduced in [14] at the purely classical level.
Finally, we present some explicit examples based on three-dimensional algebras.

2 Brief review of Poisson-Lie T-duality

In the section we review the most relevant aspects of Poisson-Lie T-duality for our purposes
by following the conventions of [4, 5, 10, 14]. In the absence of spectator fields, the dual

two-dimensional o-model actions are [3]
1
S=33 /EabLnga+Xﬂa_X”, E=M-1)", (2.1)

and
M T e - IR
S:ﬁ/E bLauL6V5+Xua_X ’ E=M"1'-mt. (2.2)

The field variables X# and X*, with p = 1,2,...,dg parametrize elements g and § of two
groups G and G, respectively, of equal dimension. We introduce representation matrices,
{T,} and {T%} with a = 1,2,...,dg, of the associated Lie algebras which form a pair
of maximally isotropic subalgebras into which the Lie algebra of a group, known as the
Drinfeld double, can be decomposed.? The commutation relations are

[Ta7 Tb] = Z‘faLbcjjc ;
|:r1~—1a’ Tb] — ifob T
[Ta,Tb] — i fY T, — i f bTe (2.3)
and imply the Jacobi identities (in our conventions (ab) = ab + ba and [ab] = ab — ba)
fan" fac® + fea® far® + foe' faa® = 0,
FPaf®e+ FafPe+ [af® =0,
Jab" a+ faa®F*y = Jaa" "9 = 0. (24)

% As a counterexample note the case of the Principal Chiral model and the Pseudodual Chiral model [11]

whose classical solutions are in one-to-one correspondence but which are not canonically equivalent [6]. It
is well known that their quantum behaviors are drastically different [12].

3 A generalization of Poisson-Lie T-duality named Poisson-Lie T-plurality [15]-[17] is based on the non-
uniqueness of the decomposition of the Drinfeld double.



Introducing a bilinear invariant (-|-) with the various representation matrices obeying
(TulTy) = (T =0, (TLJT%) = 8.", (2.5)
we define the components of the Maurer-Cartan forms appearing in the above actions as
LZ = —i(g_18“g|im>, f’au = _i<§_1au§|Ta> . (2.6)

The overall coupling constant is A in (2.1) and (2.2) is assumed to be positive and the
square matrix M is constant and has dimension d¢. The matrices IT and II depend on the
variables X* and X* via the corresponding group elements ¢ and g, respectively. They are
defined as

Hab = bcaacb, ﬁab = Bcadcb, (2.7)

where the matrices a(g), b(g) are constructed using
g Thg = abTy, g T = b™Ty, + (a‘l)bafb . (2.8)
Consistency restricts them to obey

alg)=al(g), b9 =blg), (g =-Iy), (2.9)

We also define the dual tilded symbols with similar properties.

3 Renormalization group and Poisson-Lie T-duality

We begin this section with a short review of the renormalization group in two-dimensional
field theories with curved target spaces. The o-models (2.1) and (2.2) are of the form

1
S = o\ /Q;mX“aX”, 4 =Gu + B, . (3.1)

As a two-dimensional field theory for the fields X*#, this will be renormalizable if the cor-
responding counter-terms, at a given order in a loop expansion, can be absorbed into a
renormalization of the coupling constant A and (or) of some parameters labeled collectively
by a’, i =1,2,.... In our case these are the entries of the matrix M and the overall cou-
pling constant A. In doing so, we may allow for general field redefinitions of the X*’s, which
are coordinate reparametrizations in the target space. This definition of renormalizability
of o-models is quite strict and similar to that for ordinary field theories. An extension of
this is to allow for the manifold to vary with the mass scale and the renormalization group
to act in the infinite-dimensional space of all metrics and torsions [18], but this will not be
needed for our purposes.
The one-loop beta-functions are expressed as

d\  \? da* N\
Z_2_7 — =4 3.2
a7 b it b (32)
where t = In p1, with p being the mass energy scale and Ji,a} and X} are chosen so that
1 .
5B = —hQ, +04Qf,01 + QL X7 + QF, 0, X7 + Q0 X7 . (3.3)

Here R, are the components of the generalized Ricci tensor defined with a connection
that includes the torsion, i.e. I'y, — %H k5. The counter-terms were computed in [18-20].



3.1 One loop renormalization group for Poisson-Lie T-duals

For the Poisson-Lie T-duality related actions (2.1) and (2.2) it was first shown that it
is possible to satisfy the system (3.3) in the case of a six-dimensional Drinfeld double
in [10, 14].* This made plausible that it could be true for at least a large class of such
doubles. A general proof requires the computation of the generalized Ricci tensor for each
o-model separately. Using the underlying Poisson-Lie structure and in particular some
useful identities derived in [5] this was done in [13],° where it was also shown that the
models are one-loop renormalizable in the sense explained above.
We define for convenience the following quantities

Aabc _ f~abc o fcdaMdb ’ Babc _ fNabc + Madfdcb ’ (34)
as well as their duals
Aabc = fabc - .]ECda(Mil)db ; Babc = fabc + (Mil)ad.fdcb7 (35)

Using these we construct also

1
Labc — g(M;I)cd (BabeMed + AdbeMae _ AadeMeb) ’
1
Rabc _ §(M;1)cd (AabeMde + BadeMeb _ BdbeMae> (36)
and
- 1~ . B _ B . B
Labc - §(Ms I)Cd (Babe(M 1)eal + Adbe(M )ae - Aade(M 1)eb) )
~ 1, ~_ - N -
Rabc = §(M5 1)Cd (Aabe(M 1)de + Bade(M 1)eb - Bdbe(M 1)(16) ) (3 7)
where®
1 T ~ 1 1 NN
My=g (M+M7),  My=g[(M )+ 7)7] . (3.10)

From the results in [13] we deduce that the one-loop renormalization group flow system

of equations corresponding to (2.1) is

dM b A
dt 2w

R, L% . (3.11)

4For Abelian and non-Abelian dualities, similar investigation were performed for a one-parameter family
deformations of the Principal Chiral model for SU(2), and its non-Abelian dual [6, 21], in [21].
®To compare our conventions with those in [13] one should perform the following replacements in that

paper. Namely, we send g — g~ ', II — —II and II— —II.
5Note also the identities

Rabb _ fabb + Mabfbcc + (MM;IM)bCfbca , Rbab =0 (38)

and
Labb _ 07 Lbab _ 7fabb + Mbafbcc o (MM;IM)bCbea . (39)

Similar relations hold for the tilded dual quantities.



Similarly, for its dual (2.2) we have
d(Mil)ab A% af
= 2 RolEge 3.12
7 o db (3.12)

Also it turns out that the overall coupling A does not get renormalized, as noticed already
in a particular example in [14]. Hence, we may, in the remaining of this paper absorb, for

notational convenience, the overall factor o into a redefinition of t.
m

3.2 Proof of compatibility

In order to show that Poisson-Lie T-duality holds at the one-loop quantum level we have
to demonstrate compatibility with the renormalization flow equations. This will be explicit
if the two systems (3.11) and (3.12) are if fact equivalent.

We first note the, easy to prove, relations

A% = —MPA0, B =MYB,Y, (3.13)

their dual (which give no further information)

Ayt = —(M Y gA“, Bay® = (M) aB%, (3.14)

and that
My =MMMT = MTM,M . (3.15)

Next we note the useful identities
R%. = MMM~ Rae!, L% = MMM ) fLa” . (3.16)

To prove them we start form the right hand side in the first identity which using (3.14)
and (3.15) can be cast into the following form

§(M;1)cd <_MaeAdbe + ]\4deBabe _ Medeae> ) (317)

To proceed we note that from the definitions (3.4) we have
A®, = B, MU fb Mg,
Babe — Aabe +Mafffeb + befefa,
BY, = —B¥, + M ;.0 + MY .2 (3.18)

Substituting into (3.17) we obtain

(Mil)cd <AabeMde + BadeMeb _ BdbeMae>

S

4+ Nl

(Ms_l)cd <ffebMaeMdf n fefdMaerb

1
2
n ffebMdeMaf i fefaMderb _ ffedMebMaf _ ffeaMebMdf> . (3.19)



The parenthesis in the first line is simply R%., whereas the remaining terms vanish. The
second identity in (3.16) follows from a similar computation. Alternatively, one can prove
it by noticing the transformation

M— —MT — R®,— —b.  Ry®—— —Lp.° . (3.20)

Using (3.16) one easily sees that the system (3.11) implies (3.12) and vice versa.
Hence, we conclude that, at one-loop in perturbation theory, general o-models related
by Poisson-Lie T-duality are equivalent under the renormalization group flow.

4 Properties of renormalization group flow

In this section we study several properties of the renormalization group equations. First
note that, setting the matric M proportional to the identity is not consistent with the
renormalization group equations for general Drinfeld doubles. It is, however, consistent for
abelian G’s, in the basis where the identity is the invariant metric for the group G.

Consider next a subgroup H of G and another H, of equal dimension, subgroup of G.
We split the index a = (i, ), where ¢ = 1,2,...,dim(H) and a = 1,2,...,dim(G/H). We
note in passing that, H and H form a Drinfeld double as well. This can be easily seen by
restricting the four free indices in the mixed Jacobi identity in (2.4) to the subgroup.

We will use the following notation for the matrices M and I1%

Hij Mi,@ Hij Hioz
by _ by _ 0 2
(Ma ) - (Maj Kaﬁ) ) (Ha ) - <_Hj2ﬂ H?ﬁ) : (4'1)

and similarly for .

4.1 Consistent truncation of the parameter space

A natural question to investigate is to what an extend we may choose in the matrix (4.1)
the mixed-index elements to be zero, namely that

M =M =90. (4.2)

We will find the conditions under which the matrix M remains of a block diagonal form,
under the renormalization group flow. In general we have

dMia
dt

= Ri4L% = R LF*; + R LM 5 + RULP*; + RV L% . (4.3)

With the choice (4.2) and using that f;; = fxs' = 0, it is easy to compute that the
quantities defined in (3.4)—(3.7) are zero when two indices are latin letters and one is a
greek one. In addition, the form of L7%g is that of (3.6) with the latin-letter indices replaced
by greek ones, hence projected completely into the coset space. We conclude that, in the
right hand side of (4.3) only the last term is non-vanishing. Hence, a sufficient condition
to preserve the choice (4.2) under renormalization group flow is that the coset spaces G/H
and é/ﬁ[ are symmetric, i.e. the structure constants f,57 = f“aﬁv = 0. This is not a



necessary condition as well, even in the abelian G case. An example is the non-symmetric
coset space SU(3)/SU(2). We will present the details in section 5.
Finally, for later use, we write the factor

1 4 N _ . _
5K <H2l(fl<5Kw + iK% = [P + KX (Y — fo K7) — f“;cKCﬁ> '

R?. = 5 (K,
(4.4)
4.2 Generalized coset spaces

Let’s examine the behaviour and equivalence under renormalization group flow of a class
of o-models introduced at the purely classical level in [14]. Consider the limit

HY - 00 = (H1);;—0, (4.5)

in a uniform way for all matrix elements, meaning that ratios of matrix elements remain
constant in this limit. Then, the action (2.1) takes the form

1 N ) .
S = ﬁ/zagL“ij&rX“aX . Y=(K-1p)". (4.6)
Since
=00 +O(H) (4.7)
0K} ’ '
the dual action (2.2) becomes
= 1 [eaps - . - IT 1T
S=— [ $ABL,,Lp0.X"0_ X", u=[ 72 S 4.8
o5 | S Lalno: <—H2K1—H1 (1)

Upon taking the limit (4.5) the number of variables in the two actions has been reduced to
dim(G/H). The reduced dimensionality of (2.1) happens since, after taking the limit (4.5),
a local gauge invariance develops provided that certain conditions hold. In particular, it
has been shown that (4.6) is invariant under the local gauge transformation g — gh, with
h € H, provided that the following conditions hold [14]

foP = [, K0 4 i, PR (4.9)

Note that for abelian group G this reduces to the usual condition in cosets G/H for an
invariant tensor [22] so that (4.9) presents the analog of this condition for our generalized
cosets. Also, when G is non-abelian it is not consistent to take K to be a symmetric matrix.
Then, we may gauge-fix the dim(H) parameters in the group element g € G. The most
efficient way, that completely fixes the gauge, is to parametrize as ¢ = kh, where h € H
and k € G/H, and then set h = I.

4.2.1 Renormalization group flow

We would like first to investigate if the limit (4.5) is consistent with the renormalization
group equations (3.11), (3.12). In general

dK_3 . .. L
d_?ﬁ = Roc’Lap® = Rai? Lig' + Rai"Log' + Ran'Lig” + Ra’Lsg™ (4.10)



In the limit (4.5), (M ~1);o and (M~1)4; as well as the quantities (3.4)—(3.7) when two of
the indices are latin letters and one is a greek one, are of order (H _1)ij. Hence, the first
term in (4.10) vanishes. Among the remaining terms the last one is actually independent
of the matrix H. In the second term the factor R,;” has a finite part and a vanishing part
under the limit (4.5). Similarly, the second factor L,Bi has a divergent part and a finite

part under this limit. The divergent part is
Lo 1) 5 Foe g1y go— §
§(Hs h [(fjﬁ — [PEGK G — [ Ky | - (4.11)

It can be easily seen that it vanishes upon using (4.9). Therefore, to compute in the
limit (4.5), the term Roi "L gﬁi we need to keep the finite part of both factors. With some

rearrangement we obtain
1 N - B o~ o~ o~
Z(HHS 1)Zk [faingel - Kasl(féiE + K(sylf%i)} [f'yﬁk + Kfyglfckﬁ + K(ﬁlfckv] : (4-12)
Using (4.9) we finally obtain
(HH; ') Tiag® (4.13)

where 1
Fiaﬁk _ §fin6Km/(K_1)a6(f'yﬁk + K;leckg + Kgﬁlfgkﬁ) ] (4‘14)

To this term we should add a similar one coming from the third term in (4.10) which using
the transformation (3.20) reads

(H'H') e Dag" (4.15)
where 1
Aiaﬁk = §fin5KW(K71)5ﬁ(fvak - Kg_vlfcka - K;glfckv) . (4.16)
It is clear that, in order for the limit (4.5) to be independent of the form of the matrix H
the latter has to be symmetric.” Denoting by
Paﬁ = Fiaﬁi ) Aaﬁ = Aiaﬁi ) (417)
we finally have that, in the limit (4.5)

—1
dK )

o~ Las T Rap+ Ron"Lsg” . (4.18)

This would have been the result for the renormalization group flow system of equations for
the dual coset model (4.8). Note that for symmetric spaces the last term is zero and the
running is solely due to the first two terms. These could be thought of as a remnant of
the original full group structure in (2.2). Had we performed a similar limiting procedure
starting from the system (3.11) corresponding to the action (4.6) we would have obtained

G
dt

= PP + Q% + R*;L%P (4.19)

7 Alternatively, we may slightly modify the limit (4.5) to involve only the symmetric part of H.



where
Paﬁ — onzﬁz ) Qaﬁ = Qlaﬁl ) (420)

with

posk _ %fwa [Kwn(fkﬁn  FREP) +fkaK46] ,

Qi = =2 i [y + 1K) + Forcre] (421)
4.2.2 One loop equivalence

The equivalence of the systems (4.18) and (4.19) can be demonstrated by noting that there
exist expressions similar to (3.16) projected completely to the coset space indices, namely
that

R, = K¥K"W(K™) e RS, LoP = — KKK, Lsn° (4.22)
and in addition one may prove that
PP = _KKPT ;. Q¥ =-KYK%A; . (4.23)

Next we investigate when the condition (4.9) for being able to take the limit (4.5)
consistently, is preserved under the renormalization group flow. We demand that

dKP dK Y
@ B _
Ji' =+ i — =0 (4.24)

The only possibility that this is obeyed is that the right hand side of (4.19) is an invariant
tensor obeying a condition similar to (4.9). In the case with f®,. = 0, (4.24) can be proven

by repeatedly using the Jacobi identity for the f,;°’s, the coset constraint on K% (4.9) and
by taking K # to be block diagonal. This can always be done by a proper transformation
of the group element ¢ € G on the action.® For the case with f%, # 0 the proof is much
more complicated and we have just explicitly checked that this is indeed true for the cosets
of subsection 5.1 below.

Finally, we note that the limit (4.5) is not a fixed point of the renormalization group
flow in general. Consider the special case of HY = H§% with §” being the invariant metric
of the group. Then after some computations we obtain that

dH ;!

i 1 i [P - Faf g -
dtj = Zfz‘klf]kl - Z(Ks Doy (K s [P+ O (HY) (4.26)

Note that the matrix remains under renormalization group flow symmetric, but no longer

diagonal. Also it is zero for abelian subgroups H, when simultaneously f*%; = 0.

The off diagonal elements do also flow even in the coset limit unless the space is
symmetric. Note that the flow is well defined since the coefficient of the H-dependent term
in (4.4) vanishes thanks to the condition (4.9).

8In the proof we also use the fact that

fin fen fac® fin% f5e" Fuc® (4.25)

are antisymmetric under the interchange of v and (.



5 Examples

5.1 Six-dimensional doubles

In this section we first construct several examples based on a six-dim Drinfeld double
decomposition, into two three-dimensional Lie algebras. The associated three-dimensional
groups, GG and G have generators denoted by 7T, and T, where a = 1,2, 3. It is convenient to
split the index a = (3, «), with a = 1,2. Abelian subgroups are generated by T3 and T3, s0
that « takes values in the corresponding two-dimensional coset spaces. The non-vanishing
structure constants of the algebras next to be considered are

IX:faB?’:fBaﬁzeaﬁa V:f?;aﬁ:éaﬁ,
VIIy: f30” = €ag, IT: fop® = €ap, (5.1)

where we have labeled them according to the standard Bianchi classification for three di-
mensional algebras. Only four combinations of the above correspond to six-dim Drinfeld
doubles, namely (IX,V),(VIIy,II),(I1,V),(V,VII), in a (G, G‘) notation. The renor-
malization group equations for the first pair has been constructed in [10] whereas a classifi-
cation of all six-dimensional doubles based on the Bianchi classification of three-dimensional
algebras can be found in [23] (see also [24] for further related issues).

Since fog7 = faﬁv = 0, we may according to the results of subsection 4.1 take consis-
tently the form of the matrix M as block diagonal, namely

() = (%G K%) )= ( . ﬁ) - (5:2)

Taking the coset limit (4.5), whenever possible, corresponds to G — 0.

The case of (IX,V). This case was examined in detail in [14]. The beta-function
equations for the general matrix in (5.2), are quiet lengthy and they will not be presented

here. However, for K satisfying (4.9), the expressions become much simpler. Setting

A=D=a,B=—-C=b—1and G = (1 + g)/a we find

a a2_ 2
do- _ 1H 0 20 (g~ Da? 4 (g + ) - 1)),

dt 2a2
% _ 1:9(9(1+a2)+(9+2)b2), (5:3)

which are precisely the expressions in eq. (4.4) in [14]. The coset limit is ¢ — —1.

The case of (VIIy,II). It turns out that in this case the coset construction is not
possible, i.e. (4.9) has no solution. To simplify the renormalization group flow, we present
just a consistent truncation of the beta-function equations namely, along A=D and B=-C

A 1 B _,  da_ 1

- aa @Y T A (5-4)

,10,



The case of (II,V). In this case there is no constraint on the coset construction, i.e.

no constraint on K®?. We present just a consistent truncation of these equations namely,

along A=D,B=-C

dA  (A*—B?*(2+ B)2)G
dt 24 ’

% = (1+ B)(A*+ B(2+ B))G,
dG  (A?+ B?)(A?+ (2+ B)?)
= VE G? . (5.5)

The case of (V,VII)). A consistent truncation of the beta-function equations is along
A=D and B=-C

- (5.6)

@ Aq @ P

dA  2B(B+ AG) dB <A+ B> dG 2B?
5.2 Flow in SU(3) and the coset SU(3)/SU(2)

We use the structure constants in the Gell-Mann basis for SU(3) (see, for instance, eq.
(5.2) of the second of [22])

¥ =2, ful == 1=l = fosT = fu’ = —fa" =1, [ = fer* = V3, (5.7)

where the rest are obtained by antisymmetrization and pick up as an SU(2) subgroup the
one generated by T;, ¢ = 1,2,3. Then in is easy to check that the most general invariant

matrix K is

A C D Z 0
—C A Z -DO
K=|-D-Z A C 0|, (5.8)
-Z D -C A 0
0 0 0 0 B

which has diagonal symmetric part as well as an antisymmetric one.

For the renormalization group flow in the full SU(3) model we take for the matrix M
the form (4.1) with M@ = M* = 0 and H = & I3x3. We find that the system (3.11) leads
to a consistent system and in particular the r.h.s. of (4.2) is zero even though the coset
SU(3)/SU(2) is not a symmetric space. We present the equations in the particular case
of zero antisymmetric part, i.e. when C = D = Z = 0, which is a consistent truncation.
We obtain

dA 34?2 A(BG+1)—4B dB 9 dG

at ab A 242
— =3 = : =A%, =G 2. (59)

For the coset SU(3)/SU(2) the flow equations are the first two in the limit G — 0.
Similar results can be found for the models SO(4)/SO(3) and Sp(4)/(SU(2) x U(1))

cases as well, but we will not present the details.

— 11 —



6 Conclusions and future directions

Two-dimensional o-models related classically by Poisson-Lie T-duality are one-loop renor-
malizable in the usual field theoretical sense in which all infinities can be absorbed into
the coupling constants, as it was proven generally in [13]. In the present paper, using re-
sults of the latter work we proved the quantum equivalence under one-loop renormalization
group flow of general o-models related by Poisson-Lie T-duality, by explicitly demonstrat-
ing that the systems of beta-function equations obtained in each model separately are in
fact equivalent. Hence, in that respect, [13] and our present work extend in full generality
previous results based on low dimensional examples [10, 14]. In addition, we have studied
general properties of the flows, as well as the associated generalized coset models in this
context. Finally, we provided explicit examples based mainly on three-dimensional algebras
in the Bianchi classification.

It would be very interesting to formulate the renormalization group flow in a duality-
invariant way. For this an appropriate starting point should be the duality-invariant action
formulation of Poisson-Lie T-duality in [25]. Since this action has twice as many fields
as (2.1) and (2.2) and in addition in lacks two-dimensional Lorentz invariance, the corre-
sponding one-loop counter-terms should be derived as a necessary first step.

In trying to explicitly solve the system of the beta-functions for low dimensional models
it helps to know the renormalization group invariants. This can be possibly worked out
example by example, for instance for the flows of the previous section. For the system
(5.3) such an invariant was found in [14] and indeed helped in reducing it into an single,
first order non-linear differential equation. However, for general considerations it would be
interesting to have the forms of some if not of all of such invariants and classify them using
the underlying group theoretic structure of Poisson-Lie T-duality.

As indicated above, in all known examples canonically equivalent classical o-models are
also equivalent under one-loop renormalization group flow in the sense already explained.
It is interesting to search and provide a general proof of that statement.

Acknowledgments

K. Siampos acknowledges support by the Greek State Scholarship Foundation (IKY).

References

[1] K. Kikkawa and M. Yamasaki, Casimir effects in superstring theories,
Phys. Lett. B 149 (1984) 357 [SPIRES];
N. Sakai and I. Senda, Vacuum energies of string compactified on torus,
Prog. Theor. Phys. 75 (1986) 692 [Erratum dbid. 77 (1987) 773] [SPIRES];
T.H. Buscher, A symmetry of the string background field equations,
Phys. Lett. B 194 (1987) 59 [SPIRES].

[2] B.E. Fridling and A. Jevicki, Dual representations and ultraviolet divergences in nonlinear
o-models, Phys. Lett. B 134 (1984) 70 [SPIRES];

- 12 —


http://dx.doi.org/10.1016/0370-2693(84)90423-4
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA,B149,357
http://dx.doi.org/10.1143/PTP.75.692
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PTPKA,75,692
http://dx.doi.org/10.1016/0370-2693(87)90769-6
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA,B194,59
http://dx.doi.org/10.1016/0370-2693(84)90987-0
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA,B134,70

E.S. Fradkin and A.A. Tseytlin, Quantum equivalence of dual field theories,

Ann. Phys. 162 (1985) 31 [SPIRES];

X.C. de la Ossa and F. Quevedo, Duality symmetries from non-abelian isometries in string
theory, Nucl. Phys. B 403 (1993) 377 [hep-th/9210021] [SPIRES].

C. Kliméik and P. Severa, Dual non-Abelian duality and the Drinfeld double,
Phys. Lett. B 351 (1995) 455 [hep-th/9502122] [SPIRES];

C. Kliméik, Poisson-Lie T-duality, Nucl. Phys. Proc. Suppl. 46 (1996) 116
[hep-th/9509095] [SPIRES].

K. Sfetsos, Poisson-Lie T-duality and supersymmetry, Nucl. Phys. Proc. Suppl. 56B (1997)
302 [hep-th/9611199] [SPIRES].

K. Sfetsos, Canonical equivalence of non-isometric o-models and Poisson-Lie T-duality,

Nucl. Phys. B 517 (1998) 549 [hep-th/9710163] [SPIRES].

T. Curtright and C.K. Zachos, Currents, charges and canonical structure of pseudodual chiral
models, Phys. Rev. D 49 (1994) 5408 [hep-th/9401006] [SPIRES].

E. Alvarez, L. Alvarez-Gaumé and Y. Lozano, A canonical approach to duality
transformations, Phys. Lett. B 336 (1994) 183 [hep-th/9406206] [SPIRES].

C. Kliméik and P. Severa, Open strings and D-branes in WZNW models,
Nucl. Phys. B 488 (1997) 653 [hep-th/9609112] [SPIRES].

C. Albertsson and R.A. Reid-Edwards, Worldsheet boundary conditions in Poisson-Lie
T-duality, JHEP 03 (2007) 004 [hep-th/0606024] [SPIRES].

K. Sfetsos, Poisson-Lie T-duality beyond the classical level and the renormalization group,
Phys. Lett. B 432 (1998) 365 [hep-th/9803019] [SPIRES].

V.E. Zakharov and A.V. Mikhailov, Relativistically invariant two-dimensional models in field
theory integrable by the inverse problem technique (in russian), Sov. Phys. JETP 47 (1978)
1017 [Zh. Eksp. Teor. Fiz. 74 (1978) 1953] [SPIRES].

C.R. Nappi, Some properties of an analog of the nonlinear o-model,
Phys. Rev. D 21 (1980) 418 [SPIRES].

G. Valent, C. Klim¢ik and R. Squellari, One loop renormalizability of the Poisson-Lie
o-models, arXiv:0902.1459 [SPIRES].

K. Sfetsos, Duality-invariant class of two-dimensional field theories,
Nucl. Phys. B 561 (1999) 316 [hep-th/9904188] [SPIRES].

R. Von Unge, Poisson-Lie T-plurality, JHEP 07 (2002) 014 [hep-th/0205245] [SPIRES].

L. Hlavaty and L. Snobl, Poisson-Lie T-plurality as canonical transformation,

Nucl. Phys. B 768 (2007) 209 [hep-th/0608133] [SPIRES].

L. Hlavaty and L. Snobl, Description of D-branes invariant under the Poisson-Lie
T-plurality, JHEP 07 (2008) 122 [arXiv:0806.0963] [SPIRES].

D. Friedan, Nonlinear models in two epsilon dimensions, Phys. Rev. Lett. 45 (1980) 1057
[SPIRES];

L. Alvarez-Gaumé, D.Z. Freedman and S. Mukhi, The background field method and the
ultraviolet structure of the supersymmetric nonlinear o-model, Ann. Phys. 134 (1981) 85
[SPIRES];

E. Braaten, T.L. Curtright and C.K. Zachos, Torsion and geometrostasis in nonlinear
o-models, Nucl. Phys. B 260 (1985) 630 [SPIRES].

,13,


http://dx.doi.org/10.1016/0003-4916(85)90225-8
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=APNYA,162,31
http://dx.doi.org/10.1016/0550-3213(93)90041-M
http://arxiv.org/abs/hep-th/9210021
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/9305055
http://dx.doi.org/10.1016/0370-2693(95)00451-P
http://arxiv.org/abs/hep-th/9502122
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/9502122
http://dx.doi.org/10.1016/0920-5632(96)00013-8
http://arxiv.org/abs/hep-th/9509095
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/9509095
http://arxiv.org/abs/hep-th/9611199
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/9611199
http://dx.doi.org/10.1016/S0550-3213(97)00823-7
http://arxiv.org/abs/hep-th/9710163
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/9710163
http://dx.doi.org/10.1103/PhysRevD.49.5408
http://arxiv.org/abs/hep-th/9401006
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/9401006
http://dx.doi.org/10.1016/0370-2693(94)00982-1
http://arxiv.org/abs/hep-th/9406206
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/9406206
http://dx.doi.org/10.1016/S0550-3213(97)00029-1
http://arxiv.org/abs/hep-th/9609112
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/9609112
http://dx.doi.org/10.1088/1126-6708/2007/03/004
http://arxiv.org/abs/hep-th/0606024
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0606024
http://dx.doi.org/10.1016/S0370-2693(98)00666-2
http://arxiv.org/abs/hep-th/9803019
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/9803019
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=SPHJA,47,1017
http://dx.doi.org/10.1103/PhysRevD.21.418
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA,D21,418
http://arxiv.org/abs/0902.1459
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0902.1459
http://dx.doi.org/10.1016/S0550-3213(99)00485-X
http://arxiv.org/abs/hep-th/9904188
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/9904188
http://dx.doi.org/10.1088/1126-6708/2002/07/014
http://arxiv.org/abs/hep-th/0205245
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0205245
http://dx.doi.org/10.1016/j.nuclphysb.2007.01.017
http://arxiv.org/abs/hep-th/0608133
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0608133
http://dx.doi.org/10.1088/1126-6708/2008/07/122
http://arxiv.org/abs/0806.0963
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0806.0963
http://dx.doi.org/10.1103/PhysRevLett.45.1057
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRLTA,45,1057
http://dx.doi.org/10.1016/0003-4916(81)90006-3
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=APNYA,134,85
http://dx.doi.org/10.1016/0550-3213(85)90053-7
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA,B260,630

[19] B.E. Fridling and A.E.M. van de Ven, Renormalization of generalized two-dimensional
nonlinear o-models, Nucl. Phys. B 268 (1986) 719 [SPIRES].

[20] H. Osborn, General bosonic o-models and string effective actions, Ann. Phys. 200 (1990) 1
[SPIRES].

[21] J. Balog, P. Forgacs, Z. Horvath and L. Palla, Perturbative quantum (in)equivalence of dual
o-models in two-dimensions, Nucl. Phys. Proc. Suppl. 49 (1996) 16 [hep-th/9601091]
[SPIRES]; Quantum corrections of Abelian duality transformations,

Phys. Lett. B 388 (1996) 121 [hep-th/9606187] [SPIRES];
L.K. Balazs et al., Quantum equivalence of o-models related by non-Abelian duality
transformations, Phys. Rev. D 57 (1998) 3585 [hep-th/9704137] [SPIRES].

[22] S. Helgason, Differential geometry, Lie groups, and symmetric spaces, Acedemic, New York
U.S.A. (1978);
F. Mueller-Hoissen and R. Stuckl, Coset spaces and ten-dimensional unified theories, Class.
Quant. Grav. 5 (1988) 27 [SPIRES].

[23] M.A. Jafarizadeh and A. Rezaei-Aghdam, Poisson-Lie T-duality and Bianchi type algebras,
Phys. Lett. B 458 (1999) 477 [hep-th/9903152] [SPIRES].

[24] L. Snobl and L. Hlavaty, Classification of 6-dimensional real Drinfeld doubles,
Int. J. Mod. Phys. A 17 (2002) 4043 [math/0202210] [SPIRES].

[25] C. Klim¢ik and P. Severa, Poisson-Lie T-duality and loop groups of Drinfeld doubles,
Phys. Lett. B 372 (1996) 65 [hep-th/9512040] [SPIRES].

— 14 —


http://dx.doi.org/10.1016/0550-3213(86)90267-1
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA,B268,719
http://dx.doi.org/10.1016/0003-4916(90)90241-F
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=APNYA,200,1
http://dx.doi.org/10.1016/0920-5632(96)00311-8
http://arxiv.org/abs/hep-th/9601091
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/9601091
http://dx.doi.org/10.1016/0370-2693(96)01157-4
http://arxiv.org/abs/hep-th/9606187
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/9606187
http://dx.doi.org/10.1103/PhysRevD.57.3585
http://arxiv.org/abs/hep-th/9704137
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/9704137
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CQGRD,5,27
http://dx.doi.org/10.1016/S0370-2693(99)00571-7
http://arxiv.org/abs/hep-th/9903152
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/9903152
http://dx.doi.org/10.1142/S0217751X02010571
http://arxiv.org/abs/math/0202210
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=IMPAE,A17,4043
http://dx.doi.org/10.1016/0370-2693(96)00025-1
http://arxiv.org/abs/hep-th/9512040
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/9512040

	Introduction
	Brief review of Poisson-Lie T-duality 
	Renormalization group and Poisson-Lie T-duality
	One loop renormalization group for Poisson-Lie T-duals
	Proof of compatibility

	Properties of renormalization group flow
	Consistent truncation of the parameter space
	Generalized coset spaces
	Renormalization group flow
	One loop equivalence


	Examples
	Six-dimensional doubles
	Flow in SU(3) and the coset SU(3)/SU((2)

	Conclusions and future directions

